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A C H A I N  OF  

The art icle  deals with p rocesses  which occur  in coupled osci l la tor  chains following an ini- 
tial impulse imparted to any one of the atoms.  In considering one-dimensional  chains of 
coupled harmonic osc i l la tors ,  their  obvious deficiencies are  analyzed and taken into ac-  
count. The effects which energy dissipation losses  and t ransverse  vibrations have on prop-  
agation of collision waves through a one-dimensional  atom chain are  evaluated. It stands 
to reason,  of course ,  to consider  only small  t r ansver se  displacements of atoms in a chain, 
since otherwise the s implest  models become obviously inadequate. 

In a theoret ical  study of interactions between atoms and c rys ta l  sur faces  one can take two approaches.  
The f i r s t  approach is to t ry  to investigate computable networks which approximate most  closely a cer ta in  
actual physical situation (a real is t ic  formulation of interaction potentials, three-dimensional i ty ,  a concrete  
example of lattice symmetry ,  etc. ,  e.g., [1]). The second approach is to conduct studies based on using 
simulations and applicable analytic engineering techniques [2-4]. Pioneering work in the la t ter  direction 
was done by Frenkel [5]. At the present  t ime, collision between an atom and a surface is most  often s i m -  
ulated by an interaction between the atom and a l inear  chain of osci l la tors ,  each of them coupled to its 
neighbors through harmonic  forces .  

Let us assume that at some instant of t ime any one atom (to be called here  atom number  zero7 of a 
two-dimensional  medium, af ter  having previously been at res t ,  is displaced by an initial amount f rom its 
equil ibrium position. Bearing in mind that small  displacements are considered here  and that the displace-  
ment amplitudes decrease  as the distance f rom atom number  zero  increases ,  we will analyze the p rocesses  
occurr ing  in two infinite rows of atoms which pass through the equilibrium position of atom number  zero  at 
r ight  angles to each other .  Atom number zero  is, therefore ,  the only one which belongs to both chains.  For  
an infinite medium we have the following sys tem of equations: 

- ( 1 7  Mxn'" (t 7 = K (xn-1 2xn + xn+17 - -  K Y~ 8 Y~ z~ 

My~'" (t 7 ~ K (Y~-I --  2y~ "4- Y~+I) -- K ( 81k 'z~ x,~ r - T - - - & , ~ T  + 2 ~  80~) { - - r162  (27 

Here M is the atom mass ;  n, k are  the order  numbers  of atoms in the "horizontal" and in the "vert ical"  
direction, respect ively;  x, y are  the atom displacements;  K is a force constant of interaction between atoms; 
5 is the Kronecker  delta; l is the interatomic distance considered,  for  simplicity,  the same in both d i r ec -  
t ions. 

For  the generating function 

Gx (s, ~) = ~ x~ (~) s ~n, �9 = 2 (K/M)'/, t 
~m-- 
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the  ana log  of s y s t e m  (1) i s  the  equa t ion  

x0 9 

212 (3) 

T h e r e  i s  a s i m i l a r  c o r r e s p o n d e n c e  with  E q s .  (2). F r o m  (3) we have  

0 O m~--0 

where Ji is i-th order Bessel function. Equation (4) describes the displacement of all atoms in the hori- 
zontal row. For the x component of the movement of atom number zero, Eq. (4) yields a nonlinear integral 
V o l t e r r a  equa t ion  

t ~ oo 

X o ("f) = X 0 (0) Yo ("r,) --..-~- I ~ J~rn+l (T - -  u 7 xo a (u) du (5) 
0 7"rt:O 

This  m e a n s  tha t ,  wi th  an a c c u r a c y  down to t h i r d - o r d e r  t e r m s  in y0/-1 ,  the  x m o v e m e n t  of a t o m  n u m -  
b e r  z e r o  does  not  depend  on how l a r g e  the  p r o j e c t i o n s  of the  d i s p l a c e m e n t s  on the  v e r t i c a l  ax i s  a r e .  The 
e f fec t  of t r a n s v e r s e  coup l ings  i s  a c c o u n t e d  f o r  by  the s e c o n d  t e r m  on the  r i g h t - h a n d  s ide  of (57. 

The  f i r s t  i t e r a t i o n  of Eq.  (57 y i e l d s  

Xo( ) = xo (07:Jo + 2Jo + - - t l -  (6) 
1 

The f i r s t  t e r m  i n s i d e  the  l a r g e  b r a c k e t s  of (6) i s  bounded ,  the  s e c o n d  t e r m  h e r e  g r o w s  as  ~ T~, and 
the t h i r d  t e r m  h e r e  g r o w s  a s  T. Us ing  the  a s y m p t o t i c  f o r m u l a  fo r  func t ion  J0, i t  i s  e a s y  to  e s t a b l i s h  tha t  
fo r  l a r g e  v a l u e s  of  ~- the  l a s t  t e r m  of Eq.  (6) d e c e l e r a t e s  the  d e c a y  of the  v i b r a t i o n s  of a t o m  n u m b e r  z e r o .  

Subs t i t u t i on  of the  e x p r e s s i o n s  f o r  x0(T) and y0(T) into Eq.  (47 wi l l  y i e l d  the  x d i s p l a c e m e n t s  of  a t o m s  
Inl > 0 as  func t ions  of t i m e .  The  t r a n s v e r s e  m o v e m e n t  of  a t o m  n u m b e r  z e r o  i s  m o r e  s i g n i f i c a n t  h e r e  than  
in i t s  own x v i b r a t i o n s .  S ince  fo r  n ~ 0 the  l a s t  t e r m  of Eq.  (4) h a s  the  s a m e  s t r u c t u r e  a s  tha t  of Eq.  (5), 
and  s i n c e  the  t h i r d  t e r m  of (4) i s  of a h i g h e r  o r d e r  of s m a l l n e s s  wi th  r e s p e c t  to  the  m a g n i t u d e  of  the  i n i t i a l  
d i s p l a c e m e n t  than  the s e c o n d  t e r m ,  we wi l l  c o n s i d e r  only  the  s i g n i f i c a n c e  of the  s e c o n d  t e r m  of (4) d e s c r i b -  
ing the  e f f ec t  wh ich  the  t r a n s v e r s e  v i b r a t i o n s  of a t o m  n u m b e r  z e r o  have  on the  l ong i t ud ina l  d i s p l a c e m e n t s  
of a t o m s  in the  h o r i z o n t a l  r o w .  We have  

xn (~)= xo(0)J~ (*)- yQ'-(0_____~) {[i -- J0 (*)] Y~,, (~)-- 2 ~ ( -l)~J~+~+~ (*)} (7) 

It becomes evident that the initial displacement of atom number zero produces significant changes in 
the longitudinal vibrations only at large values of ~-. The initial vibration of the n-th atom at T ~ 2n is 
practically independent of the transverse vibrations [if, of course, x0(0 ) ~ Y0(0)]. We also note that the 
transverse vibrations of atom number zero, beginning at some value of T, impart to atoms Inl > 0 a certain 
background noise represented by vibrations whose amplitude is of the order of y2 l-i. For n = 1, for ex- 
ample, Eq. (7) Corresponds to the equation 

x, (T) = Xo (0) J~ (~) + -Y~176 {cos --  2o + J~ + JoJ~} (~) (8) 

Obviously, formulas for the displacements of atoms in the vertical row, including also y0(T), can be 
derived by interchanging x i and Yi in formulas (4)-(8). 

It was assumed earlier that the atom rows are infinite in both directions. The effect of boundaries 
has been studied in several works (e.g., [4-6]). We will, therefore, mention only that, if atom number zero 
(i.e., the one initially displaced) lies on a surface, then the gist of the analysis is to consider the interac- 
tion between the longitudinal wave traveling from the surface depthwise into the medium and the wave which 
travels within the surface layer of the solid. 

39 



Using the same symbols as before,  the analyzed sys tem of equations for a chain with fr ict ion will be 
writ ten down as follows: 

xn" (v) = 1/a (xn-1 -- 2~= q- x~+l) (~) -- 1/z Tx,((~) (-- ~ < n < or (9) 

where ~ charac te r i zes  the magnitude of fr ict ion forces .  Substituting 

x,, (~) = U~ (~) e-v,  ~ (1 o) 

into (9) and performing a Laplace t ransformat ion  of (9) will then yield the following sys tem of algebraic  
equations: 

%_~ (p) --  (4p 2 q- 2 - -  1/4 T 2) q)n (P) -~  (Pn+t (P) -~- 4[~tI0 (0)  ~a~ = 0 (11) 

where gan(p) is the t r ans fo rm of function Un(y), the lat ter  determined according to (10). It is assumed,  for 
simplicity,  that the initial velocit ies of all atoms are  zero  and that only atom number zero  is initially d i s -  
placed. 

System (11) gives 

4pzo (0) 
G(p,  s) = (p.(p)s ~ =  - -  s_(4p~+2_x[.T~:l+s_ ~ (12) 

~ o o  

Resolving (12) into posi t ive-power  and negat ive-power t e r m s  in s, we find af ter  a subsequent inverse  
Laplace t ransformat ion:  

co m 

Un(?r := x~ ) ~ (2n-~2m)f t (rn--t)I(V2i § (13) 
O 

a = l / ~ T ~ - - 2 ,  n > O  

The internal summation in Eq. (13) involves only even i t e rms .  

It  is easy  to prove that for a = -2 ,  i .e. ,  when there  are  no dissipation t e rms  in Eq. (9), 

' x,, ( '0 = zo (0) J ~  ( '0 

as should be. 

A second indicative special  case is a = 2, i .e. ,  7' = 4 (heavy friction).  Then 

(14) 

x~ (~) = x0 (0) e "  I ~  ( ,)  (15) 

where I2n is the Bessel  function of the 2n-th o rder  imaginary argument .  

Thus, x0(T) in the last  case will not change its sign when equilibrium is approached in a viscous medi -  
um. Atoms n > 0 behave in a s imi la r  manner ,  the atoms above number two pract ica l ly  not "responding" 
any more  to the displacement  of atom number zero .  It  is to be noted that the amplitude of x0(r) for large 
values of r and without f r ic t ion is only twice as large as x0(r ) for  the same values of ~- in the case descr ibed 
by Eq. (15). This can, apparently,  be explained by the "slowness" of p rocesses  in a sys tem with "heavy" 
fr ict ion.  

Equation (13) becomes quite simple when ~/= ~8, namely:  

r (+)4m 2mr -- ~r~- 

xo (~) = xo (0) ~--o= 4~!(,nl)~ exp 2 (16) 

Equation (16), as well as Eq. (15), cor responds  to a ra ther  heavy fr ict ion and, therefore ,  x 0 var ies  
here  with t ime s imi la r ly  as in (15). 

If  we assume that y << 1, then the solution to sys tem (9) can be writ ten as 
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(i7) 

This solution cons is t s  of a s teady t e r m  and an additional t e r m  whose signif icance i n c r e a s e s  with 
t ime ,  Eq. (17) becomes  pa r t i cu la r ly  descr ip t ive  for  n = 0: 

X 0 (1:) = X 0 (0) {JO (T) ~i ~ 1/16 T2~ sin v} e-V4 ~ (18) 

Thus,  ins tead of the f i r s t  t e r m  in (17) and (18) decreas ing ,  the additional t e r m  h e r e  i n c r e a s e s .  It can 
be ver i f ied  that for  a sufficiently smal l  7 and sufficiently la rge  T the second t e r m  signif ies ,  in the final 
ana lys i s ,  a dece le ra t ed  dec rea se  of x00")comparable  to J2n (~')exp(-1/4Tr �9 

It  is  not difficult  to e s t i m a t e  the range of d is tances  f rom the init ial ly exci ted a tom within which the 
d i sp lacements  of a toms  a re  comparab le  to that  of this a tom number  ze ro .  Consider ing that this range  of 
d is tances  co r r e sponds  to the propagat ion  of waves  along the chain within the t ime  in te rva l  l imi ted  to 

then obviously a toms  within 

I/4 T~ ~< 2 (19) 

l n j ~< 1/4 ~-I R~  (20) 

where  l~n de t e rmines  the o r d e r  of e x t r e m e  J2n values for  T of the o r d e r  2n, will be displaced cons iderab ly .  
It is  noteworthy that the region where  Eqs .  (17) and (18) a re  valid is p rac t i ca l ly  identical  to the region 
bounded by conditions (19) and (20). If 7 ~ 0.1, then the d i sp lacement  ampl i tudes  of a toms I n I up to s e v e r a l  
tens in the chain become  comparab l e  to x 0 (0). 

In summing  up the resu l t s ,  it mus t  be s ta ted  that  sma l l  init ial  t r a n s v e r s e  d i sp lacemen t s  of a toms  and 
low fr ic t ion do signif icant ly d is tor t  the t r ans ien t  growth of longitudinal v ibra t ions  of a toms only for  l a rge  
values of T. Leas t  sens i t ive  to init ial  smal l  t r a n s v e r s e  d i sp lacements  a re  the longitudinal v ibra t ions  of the 
v e r y  a tom which has  been t r a n s v e r s e l y  displaced.  As to the other  a toms ,  the i r  d i sp lacement  ampl i tudes ,  
which c o r r e s p o n d  to a swing of a given a tom caused  by an e las t ic  wave reaching  it, a r e  not s ignif icant ly  
changed by these  smal l  t r a n s v e r s e  d i sp lacemen t s  of the ini t ial ly exci ted a tom.  F o r  la rge  values of % how- 
eve r ,  a ce r t a in  background noise is added to the s teady v ibra t ions  of these a toms which is p ropor t iona l  to 
the magnitude of the init ial  d i sp lacement .  With low fr ic t ion p resen t ,  the r e su l t  is that,  f i r s t  of all, the d i s -  
p lacements  of all a toms in the chain dec rea se  exponential ly with t ime ,  which is not the case  in a d i s s ipa -  
t ionless  p r o c e s s .  The exponential  f ac to r  he re ,  by the way, i s  the s ame  for  all  a t oms .  When the ene rgy  
loss  due to f r ic t ion  pe r  vibrat ion cycle is re la t ive ly  smal l  fo r  the init ial ly exci ted a tom,  then all a toms  n 
at l ea s t  up to s e v e r a l  tens  a re  displaced by an amount comparab le  to the m a x i m u m  d isp lacement  of the in i -  
t ia l ly  exci ted a tom.  When the f r ic t ion  is  heav i e r ,  then the range  of s ignif icant  a tom d i sp lacements  becomes  
na r row  and the d i sp lacement  of the ini t ial ly exci ted a tom tends toward ze ro  by some slow tenfold aper iodic  
p r o c e s s .  
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